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A theory is discussed of single-component transport in nanopores, recently developed
by Bhatia and coworkers. The theory considers the oscillatory motion of molecules
between diffuse wall collisions, arising from the fluid–wall interaction, along with super-
imposed viscous flow due to fluid–fluid interaction. The theory is tested against molecular
dynamics simulations for hydrogen, methane, and carbon tetrafluoride flow in cylindrical
nanopores in silica. Although exact at low densities, the theory performs well even at high
densities, with the density dependency of the transport coefficient arising from viscous
effects. Such viscous effects are reduced at high densities because of the large increase in
viscosity, which explains the maximum in the transport coefficient with increase in density.
Further, it is seen that in narrow pore sizes of less than two molecular diameters, where
a complete monolayer cannot form on the surface, the mutual interference of molecules
on opposite sides of the cross section can reduce the transport coefficient, and lead to a
maximum in the transport coefficient with increasing density. The theory is also tested for
the case of partially diffuse reflection and shows the viscous contribution to be negligible
when the reflection is nearly specular. © 2005 American Institute of Chemical Engineers
AIChE J, 52: 29–38, 2006
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Introduction

Modern interest in the understanding of transport in narrow
pores and confined spaces dates back to the seminal works of
Knudsen1 and Smoluchowski,2 which appeared almost a cen-
tury ago. Over this period the interest has been sustained
because of the relevance of this problem to a plethora of
applications in heterogeneous catalysis, gas–solid reactions,
separations, and gas storage. Nevertheless, despite the long
history, our understanding of the subject is still rudimentary,
with models being largely semiempirical and involving adjust-
able parameters that cannot be independently determined.3

More recently, however, the explosive growth in research on
the development and applications of new nanomaterials, such
as the MCM-41S family of periodic mesoporous silicas,4 mi-

croporous aluminosilicates and aluminophosphates,5 carbon
nanotubes,6 and a host of other materials7 has led to renewed
interest in the subject,8-13 with the goal of developing tractable
predictive models.

The early work of Knudsen1 considered noninteracting sys-
tems at low density, assuming diffuse reflection of molecules
colliding with the pore walls. A more refined analysis, also
considering viscous effects, was later presented by Pollard and
Present,14 in their classic work extending the theory to higher
densities. This approach considering noninteracting systems
has been prevalent in the literature, with mechanical models for
interacting systems8,13 fast becoming intractable. The most
popular of the former models is the classic dusty gas model,15

which superposes diffusive and viscous flows, leading to the
result for pure component flow in cylindrical pores
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in which D0 is a diffusion coefficient, rp is the pore radius, and
� is a mean viscosity. In Eq. 1 the quantity in parentheses
represents the total diffusivity based on a chemical potential
gradient driving force, and can be converted to the Fickian
diffusivity upon using the Darken thermodynamic correction.3

The diffusion coefficient D0 is taken to be the classical Knud-
sen coefficient in large pores (typically �5–10 nm in diameter)
and an empirical activated surface diffusivity in smaller pores.
The second term in the parentheses on the right-hand side
represents the contribution from viscous flow, obtained using
the classical Hagen–Poiseuille model, which overlooks density
gradients, and assumes a uniform pressure gradient over the
pore cross section. However, in small pores density gradients
can be very large, indicating a key inadequacy of the viscous
component in Eq. 1. Further, we have recently shown9,11 that it
is actually the chemical potential gradient that is constant over
the pore cross section rather than the pressure gradient, based
on observations of equilibrium density profiles being attained
during equilibrium as well as nonequilibrium molecular dy-
namics simulations. In actual practice, however, it is difficult to
establish these basic deficiencies in the above model from
experimental data because the nonideal pore shape and con-
nectivity features of porous materials necessitate the use of
adjustable parameters such as tortuosity. In addition there has
been no established theory for D0 in molecularly sized pores
where the Knudsen theory, which takes no account of inter-
molecular interactions, is seriously inadequate.

In recent times molecular dynamics simulations have
emerged as a powerful option for understanding the fundamen-
tals of the transport in confined spaces, offering an exciting
avenue for the testing and validation of new theories that
overcome the above limitations, which is not readily possible
experimentally. Various simulation techniques such as equilib-
rium molecular dynamics (EMD), nonequilibrium molecular
dynamics (NEMD), and dual control volume grand canonical
molecular dynamics (DCV-GCMD) have been designed and
applied to probe the different mechanisms and to verify pro-
posed models.16,17 Contradicting prior literature claims17,18 that
the different techniques measure different contributions to the
transport coefficient, work in our laboratory9,11,19 has shown
that all three techniques yield the same result, even in the
presence of viscous flow, and measure the total diffusion
coefficient. This agrees with other observations20,21 of the same
transport coefficient being obtained from the different methods
in micropores where the viscous mechanism is insignificant.

As an improvement of the classical model given in Eq. 1 we
have developed a new theory for the transport of simple fluids
in nanopores10,11 that considers Lennard–Jones (LJ) interac-
tions. Our result is exact at low density where fluid–solid
interactions dominate, which has been tested for methane. At
higher density it also considers fluid–fluid interactions through
a coarse-grained viscosity profile based on a local average
density model22 (LADM), in which the viscosity is evaluated at
a density locally averaged over the molecular diameter, fol-
lowing

�� �r� �
6

��f
3 �

�r����f/ 2

��r � r��dr� (2)

Here �(r) is the density profile, �f is the LJ size parameter of
the fluid, and �� (r) is the locally averaged density. Although the
theory has been tested for methane, more extensive tests with
other fluids are also required to validate the theory and deter-
mine any limitations. Here, we fulfill this need, by examining
the transport of H2 and CF4 at various pore sizes for cylindrical
pores in amorphous silica at 300 K. Further, we also examine
CH4 at 300 K because in our earlier work11 we had studied the
effect of pore size with methane at 450 K. The study with
hydrogen is particularly important because of the current em-
phasis on research for hydrogen production and storage, in
anticipation of the upcoming hydrogen economy. In what fol-
lows, we first present an outline of our theory, as well as of the
simulation methodology, before discussing the results and
comparisons between theory and simulation.

Theory

Our theory for the transport at low density considers the
motion of a fluid molecule in a cylindrical pore under the action
of an axial force f, which may represent the chemical potential
gradient or an applied force in NEMD simulations. In addition
the molecule perceives a force field from its interaction with
the pore walls, as a result of which it undergoes an oscillatory
motion along the pore cross section while being axially forced
by the applied force f. The radial bounds of this oscillatory
motion correspond to the points where the molecule changes
direction, given by the values rc0 and rc1 in Figure 1, which
depicts the motion. Of these rc1 corresponds to the point of
reflection, and at this point the molecule is assumed to be
reflected diffusely in the osculating plane, thereby losing its net
momentum.

Although the above diffuse reflection assumption corre-
sponds to that used by Knudsen1 in his classic derivation for
noninteracting systems, recent simulation-based studies of dif-
fusion of methane and hydrogen in ideal graphitic slit pores and
carbon nanotubes23-26 have shown that reflection from these
surfaces can be nearly specular. Such behavior is attributable to
the nearly smooth energy landscape offered by graphitic sur-
faces, where the interatomic spacing of the covalently bonded
carbon atoms of about 0.142 nm is significantly smaller than

Figure 1. Schematic of trajectories of an oscillating mol-
ecule projected onto the pore cross section.
The points rc0 and rc1 represent the radial bounds of the
motion, as defined in the text.
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the size of the diffusing molecule. As shown by Arya et al.27

the nature of the reflection is a highly sensitive function of the
surface morphology and structure. Indeed, in more recent sim-
ulations reflections from carbon nanotubes with surface defects
have been found to be much less specular, with a high degree
of diffuse component,28 whereas experiments with nitrogen
diffusion in large carbon nanotubes (0.75 nm diameter), in
which fluid–solid interactions are weak, have been satisfacto-
rily explained based on the Knudsen diffusion coefficient.29

These latter studies would suggest the relevance of the diffuse
reflection condition to real porous materials where smooth
energy landscapes would be the exception rather than the rule.

Under conditions of steady flow the transport coefficient
may be determined from the mean duration ��	 of the trajectory
between successive reflections, following10

Dt0 �
kBT

m
��	 (3)

which conjugates with a chemical potential gradient driving
force. The mean oscillation time ��	 may be obtained by an
analysis of the trajectory dynamics. To this end we define the
Hamiltonian

H � 	fs�r� �
pr

2

2m
�

p

2

2mr2 �
pz

2

2m
� zf (4)

for the particle motion in the conservative potential field of the
adsorbent, 	fs(r), assumed to be one-dimensional. Here pr, p
,
and pz are the momenta in cylindrical coordinates. Further, for
the low-density case being solved for here, fluid–fluid interac-
tions are considered insignificant and not considered in the
Hamiltonian. Following the Hamiltonian equations of motion
dpr/dt 
 ��H/�r, dr/dt 
 �H/�pr, we obtain the solution for
the radial momentum profile of a particle moving toward the
wall

pr�r�, r, pr, p
� � �2m�	fs�r� � 	fs�r��� � pr
2�r�

�
p


2

r2 �1 �
r2

r�2�� 1/ 2

(5)

Here pr(r�, r, pr, p
) is the radial momentum at position r� for
a particle having radial momentum pr at position r. By using
the relation mdr/dt 
 pr Eq. 5 readily provides the oscillation
time as

��r, pr, p
� � 2m �
rc0�r,pr,p
�

rc1�r,pr,p
� dr�

pr�r�, r, pr, p
�
(6)

where rc1(r, pr, p
) and rc0(r, pr, p
) are the values of r�
corresponding to the solution of

pr�r�, r, pr, p
� � 0 (7)

Considering a canonical distribution of energies we may
now obtain the mean oscillation time, and subsequently the
transport diffusivity at low density, following Eq. 3, as
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where Q 
 �0

 re�
	fs(r)dr and pr(r�, r, pr, p
) follows Eq. 5.

This result is valid under conditions at which intermolecular
interactions between the moving fluid particles are insignifi-
cant.

At higher densities where fluid–fluid interactions cannot be
ignored, viscous effects become significant, and are approxi-
mated by using the LADM discussed above in a Navier–Stokes
framework. For this we solve the equation of motion in cylin-
drical geometry

1

r

d

dr �r��r�
duz

dr � � ��r�
d�

dz
(9)

obtained by combining the Navier–Stokes and Gibbs–Duhem
equations.19 Here �(r) is the density profile and �(r) is the local
viscosity obtained at the local average density �� (r), defined
through Eq. 2. By consideration of uniform chemical potential
along the pore cross section and a no-slip boundary condition,
the solution of Eq. 9 yields the viscous contribution to the
transport coefficient

Dt0
vis��̂� �

2kBT

�̂rp
2 �

0

r0 dr

r���� �r�� ��
0

r

r��(r�)dr�� 2

(10)

where rp is the pore radius, and we have used the phenome-
nological relation

jz �
Dto�̂

kBT
����� (11)

for the pore flux jz. Here �̂ is the overall pore density. Further,
r0 is the position of the potential energy minimum, at which
point the no-slip condition has been applied. Molecules cross-
ing this location while moving toward the wall will be rapidly
decelerated and reflected.

To correct for the surface slip we use the low-density trans-
port coefficient in Eq. 8, and the approximation

Dt0��̂� � Dt0
LD � Dt0

vis��̂� (12)

to provide the overall transport coefficient, in analogy with the
superposition of diffusive and viscous contributions in Eq. 1.
Although not rigorously obtained here such a superposition is
naturally obtained in theories based on momentum transfer
arguments.19
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Simulation

As discussed earlier preliminary validation of the above
approach has been made using only methane, over a narrow
range of conditions. These covered a range of pore sizes at 450
K, and various temperatures at pore diameter of 3.01 nm. Here
we apply the theory to H2, CF4, and CH4 at 300 K, covering a
wide range of pore sizes (0.65–5.39 nm). Each of these mole-
cules is treated as an LJ fluid, with parameters as specified in
Table 1 for the different species. The pore walls are assumed
amorphous and infinitely thick, and composed of closely
packed LJ sites having parameters19 �s/kB 
 290 K, �s 
 0.29
nm, and spaced 21/6�s apart. The one-dimensional fluid–solid
potential at any position is obtained by summing over the
interaction of an LJ methane particle at that position with sites
lying up to five atomic diameters on either side. The Lorentz–
Berthelot rules are applied to estimate fluid–solid LJ parame-
ters, and a total of 12 layers of sites in the pore wall are used
in the summation. A cutoff distance of 1.5 nm is used in
estimating fluid–fluid interactions for CH4 and H2 and 2.5 nm
for CF4.

Equilibrium molecular dynamics simulations were con-
ducted as detailed earlier,11 and collective transport coefficients
obtained from the autocorrelation of the streaming velocity of
the system by a Green–Kubo relation

Dt0 � N lim
�3


�
0

�

�uz�0�uz�t�	dt (13)

where

uz�t� �
1

N 	
i
1

N dzi

dt
�

1

N 	
i
1

N

�iz�t� (14)

is the instantaneous axial streaming velocity. The EMD was
initiated from an initial configuration generated by grand ca-
nonical Monte Carlo simulation (GCMC), and typically the
pore had about 500 particles in the EMD simulation. The run
length was typically 107 time steps, and each time step was 0.5
fs for H2, 1 fs for CH4, and 2 fs for CF4. A Gaussian thermo-
stat30 was used to control the temperature during the simula-
tion. This thermostat introduces a viscous damping into the
equation of motion so as to rigidly keep the kinetic energy
constant based on the required temperature. From the perspec-
tive of testing the theory the Gaussian thermostat would there-
fore appear the most appropriate, even if not as realistic as
others,16 that have weaker damping and allow larger tempera-
ture fluctuations. Further, a diffuse reflection condition was
applied whenever a molecule changed direction, after having
crossed the potential minimum location when moving toward
the pore wall.

Results and Discussion
Low-density transport

At low densities, intermolecular interactions in the fluid can
be neglected and Eq. 8 provides the transport coefficient. In the
current work we investigated the transport of the chosen gases
at 300 K, at pore diameters of 0.65, 0.75, 1.05, 1.54, 2.39, 3.84,
and 5.39 nm. Figure 2 illustrates the comparison between
theory and simulation, showing excellent agreement for all
three gases, with the theory being essentially exact. Although
detailed error bars are not shown here, our estimates showed
the simulation errors to be within 5%, as obtained from four to
five runs at densities � 0.5 nm�3, for each gas.

An interesting feature of Figure 2 is the steep slope of the
variation of diffusivity with pore size, at small pore diameter,
for all species. For hydrogen (�f 
 0.2915 nm) this occurs
below about 0.75 nm; for CH4 (�f 
 0.381 nm) this occurs
below about 0.9 nm diameter; whereas for the much larger
molecule CF4 (�f 
 0.4662 nm) this occurs below about 1.05
nm diameter. For pore sizes below the corresponding pore size
for each gas the diffusivity diminishes drastically with pore
size, suggesting the origin of kinetic molecular sieving behav-
ior. At the critical pore size for each gas the ratio of molecular
size �f to open pore diameter (2rp � �s) is about 0.61–0.63,
and the molecules are no longer confined to the pore axis.

Figure 3 depicts the potential energy profile for hydrogen,
showing the peak to lie at the pore center for a pore of diameter
0.65 nm, and slightly off-center, with increased width, for a
pore of diameter 0.75 nm. Similarly for CF4 the peak lies
off-center at a pore diameter of 1.05 nm, somewhat closer to
the center at a pore diameter of 0.95 nm, and at the center for
a pore diameter of 0.85 nm, as shown in Figure 4. Because at
low density the molecules are localized at the position of the
potential energy minimum, for molecules large enough that the
potential energy minimum is at the center, the frequency of
collisions with the pore surface will be significantly increased
with decrease in pore diameter, and on the grounds of Eq. 3 the
diffusivity will correspondingly decrease. On the other hand,
for molecules that are localized only slightly off-center, the

Table 1. LJ Potential Parameters for Various Fluids

Fluid Parameter H2 CH4 CF4

�ff (nm) 0.2915 0.381 0.4662
�ff/kB (K) 38.0 148.1 134.0

Figure 2. Comparison of simulation and predicted vari-
ation of low-density transport coefficient with
pore diameter for the three gases at 300 K.
Symbol: simulation values; lines: theoretical results.
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trajectories will be considerably longer and the time between
reflections will therefore be correspondingly larger, leading to
appreciably higher diffusivities. Thus, in this way the present
theory provides a mechanistic explanation of kinetic molecular
sieving. A related phenomenon, known as a “levitation ” or
“floating molecule ” effect, has been observed in simulations
for molecules passing through windows between zeolite cag-
es.31-33

It was previously shown11 that for noninteracting systems
Eq. 8 leads exactly to the traditional Knudsen result. For the
systems examined here, however, interactions are not negligi-
ble because it is readily estimated that the diffusivity values

depicted in Figure 2 are significantly smaller than those pre-
dicted by the corrected Knudsen expression

Dt0
LD �

4rph

3 
2kBT

�m
(15)

in which the pore radius rph represents the distance between the
pore center and of the adsorptive at the point of reflection,
assuming a noninteracting (that is, hard sphere system). Figure
5 compares the variation of the Knudsen diffusivity with pore
diameter 2rp (pore radius rp 
 distance of the centers of the
surface adsorbent atoms from the pore center), assuming rph 

rp � 0.92�fs, with the results for the more realistic interacting
system, for H2 and CF4. The classical Knudsen assumption,
that the molecules do not interact with the wall (apart from a
diffuse hard sphere reflection), substantially overestimates the
diffusion, and the corrected Knudsen diffusivity is as much as
10 times larger for CF4 for a pore diameter of 3.84 nm. For the
more weakly adsorbing hydrogen the overestimation is some-
what less, but still as much as 2.3 at a pore diameter of 1.57 nm.

This overestimation by the Knudsen equation is attributed to
the neglect of dispersive fluid–wall interactions, given that the
latter serve to slow the moving molecules after reflection and
shorten the trajectories between collisions. The neglect of these
interactions in the Knudsen theory thus leads to longer trajec-
tories, thereby increasing the value of the mean oscillation
period ��	, which increases the overall transport coefficient.
The modification of the trajectories arising from wall–fluid
forces has been noted in an early numerical study of molecular
flow in narrow spaces,34 although the effect on the oscillation
period and the relation with the transport coefficient are unique
to the current theory. The Knudsen diffusion coefficient is
routinely used in analysis of adsorption kinetics and in the
calculation of effectiveness factors in porous catalysts, and the
present results suggest that considerable error is encountered in
such an approach in small pores, where the dispersive interac-
tions are significant.

The model as developed is valid for a simple fluid composed

Figure 3. Potential energy profiles for hydrogen in pores
of 0.65 and 0.75 nm diameter.

Figure 4. Potential energy profiles for carbon tetrafluo-
ride in pores of 0.85, 0.95, and 1.05 nm diam-
eter.

Figure 5. Comparison of transport coefficient depen-
dency on pore diameter, for interacting and
noninteracting systems.
Symbols: simulation values; lines: theoretical results.
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of Lennard–Jones particles. The extension to a molecule of
multiatom particles would appear to be a natural area of ex-
tension of the present approach. Although possible in principle,
the computational burden is likely to be increased manifold
because rotational degrees of freedom would add integrals over
at least four additional dimensions (two angular dimensions
and corresponding angular momenta for a linear molecule),
making the approach computationally cumbersome even in
comparison to MD simulation.

Transport at finite density

Following the above results for low-density EMD, simula-
tions were performed for the transport at finite density, for each
of the three gases in pores of various diameters at 300 K. In
addition, Eqs. 8, 10, and 12 were used to estimate the theoret-
ical transport coefficient, for comparison with the simulation
results. For the theoretical predictions the density profile was
taken as the equilibrium profile, which was obtained from
GCMC simulation. As discussed earlier, the validity of the
equilibrium profile during transport has been confirmed in our
earlier studies9,11,19 and, although obtained here by GCMC
simulation, the same may also be obtained theoretically by
means of density functional theory. The theoretical calculations
also require the estimation of the viscosity profile, evaluated
based on the locally averaged density profile obtained using
Eq. 2. For this, the viscosity at the local average density was
obtained using an adaptation of the Enskog method to finite
density following Mehdipour and Eslami.35 Figures 6–8 depict
the results obtained for the three different gases, and the
comparison with simulation. As before, the uncertainty of the
simulation results is about 5%, as obtained from repeat simu-
lations at selected densities. As seen in the figures the theory
can predict the transport coefficient satisfactorily over the
range of pore sizes studied, although for CF4 some underpre-
diction is evident at the larger pore diameters of 3.84 and 5.39
nm. Although this deviation may well be a result of errors

arising from the LADM approximation, the accuracy of the
viscosity estimation method needs to be verified before such a
conclusion can be made. Our searches did not reveal any
widely accepted method for the prediction of the bulk viscosity
for Lennard–Jones fluids.

In our earlier studies9,11,19 we used the viscosity correlation
of Chung et al.36; however, this requires critical property data
rather than LJ parameters, and it was therefore decided to adopt
a method more appropriate for an LJ fluid. The results are only
marginally different from those obtained using the Chung et
al.36 correlation. Although alternate correlations such as those
of Rowley and Painter37 and of Zabaloy et al.38 exist they were
found to be highly inaccurate for hydrogen and therefore un-
suitable for the present study. Another approach may be to

Figure 6. Variation of transport coefficient with density,
for hydrogen in pores of various diameters.
Symbols: simulation values; lines: theoretical results.

Figure 7. Variation of transport coefficient with density,
for methane in pores of various diameters.
Symbols: simulation values; lines: theoretical results.

Figure 8. Variation of transport coefficient with density,
for CF4 in pores of various diameters.
Symbols: simulation values; lines: theoretical results.
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compute the bulk viscosity as a function of density using EMD
or NEMD simulation for the bulk fluid and this will be exam-
ined in the future, although it detracts from the simplicity and
computational convenience of a viscosity correlation.

Figures 6–8 show a strong density dependency of the trans-
port coefficient, based on simulation as well as theory. As seen
from Eq. 12 this density dependency arises in the theory from
the viscous part, and with increasing density the transport
coefficient generally increases except for very high densities
where a decrease is evident. The importance of viscous trans-
port at finite densities is shown in Figures 9–11, illustrating the

predicted fractional viscous contribution to the total transport
coefficient as a function of density at the various pore sizes, for
the three gases studied herein. These figures show the viscous
fraction to be very significant for pore size of �1.57 nm, for all
three gases, exceeding even 60% at the largest pore diameter
studied. With increasing pore size the viscous fraction in-
creases, as expected. However, for large pore sizes at high
densities the viscous fraction appears to reduce with increasing
density for CH4 and CF4, consistent with the decrease in
transport coefficient indicated above. Thus, for methane the
transport coefficient reduces with increasing density � 8.5
nm�3, for pore diameters of �2.39 nm, whereas for CF4 this
occurs at a density � 5.5 nm�3, for pore diameters of �3.84
nm. This decrease results from the high sensitivity of the bulk
viscosity to density at these high densities for methane and
CF4, as shown in Figure 12, based on the viscosity estimation
method used.35 For hydrogen the viscosity is relatively less
sensitive to density over the range of densities studied and the
transport coefficient does not decrease in this range, as seen in
Figure 6.

It is also notable that for small pore size in the micropore
range the viscous fraction decreases with increasing density, at
relatively low density. This occurs, for example, for pore
diameter of 1.05 nm for all gases, and at this pore size the
transport coefficient for methane also shows a large decline
with increase in density, after an initial region of almost con-
stant diffusivity. This decline is explained by the interaction
between diametrically opposite molecules, given that a com-
plete monolayer cannot form at this pore size. Such interactions
lead to more frequent reflections and shorter oscillation period
of the molecules, which reduces the transport coefficient on the
basis of Eq. 3. Such effects are not well captured in the LADM
approach on which the viscous term in Eq. 12 is based, leading
to the predictive error in this region of rapid decline of the
transport coefficient. Theoretical improvements in this region
are therefore needed and will be examined in the future.

Figure 9. Density variation of fractional contribution of
viscous flow to the total transport coefficient
for hydrogen, in pores of various diameters, at
300 K.

Figure 10. Density variation of fractional contribution of
viscous flow to the total transport coefficient
for methane, in pores of various diameters, at
300 K.

Figure 11. Density variation of fractional contribution of
viscous flow to the total transport coefficient
for CF4, in pores of various diameters, at
300 K.
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Effect of departure from diffuse reflection

As discussed earlier there has been some discussion in the
literature regarding the nature of the reflection when a fluid
atom collides with the solid surface. Although we have used
the diffuse reflection condition here, fully atomistic simula-
tions23-26 in carbon nanotubes and slit pore carbons having an
ideal graphitic surface structure suggest nearly specular reflec-
tion in these cases. Nevertheless, depending on the surface
texture and morphology the reflections can span the entire
range between specular and diffuse.27,28 Consequently, it is
instructive to consider the effect of only partially diffuse re-
flection on the transport. To this end we may use the classical
model that a fraction � of the collisions is diffuse and the
remainder is specular. An alternative model12 considers that
each reflection constitutes both diffusive and specular compo-
nents in a fixed ratio. However, both are effective representa-
tions in that individual collisions are influenced by the local
morphology of the surface and the extent of diffuse reflection
will therefore not be uniform26; thus there is no obvious choice
regarding the model used.

Considering that a fraction � of the collisions is diffuse, the
low-density transport coefficient is given by20,35

Dt0��̂ � 0� �
�2 � ��

�
Dt0

LD (16)

where Dt0
LD follows Eq. 8. The factor (2 � �)/� is identical to

the familiar Smoluchowski2 correction for deviation from dif-
fuse reflection, originally derived for noninteracting systems,
but derived20,39 in our case for interacting systems. By incor-
porating the viscous contribution in a manner analogous to that
in Eq. 12, we obtain

Dt0��̂� �
�2 � ��

�
Dt0

LD � Dt0
vis��̂� (17)

where the viscous term follows Eq. 10. Equation 17 has re-
cently been used26 to determine the reflection coefficient �, for
hydrogen and methane diffusion in carbon nanotubes, from
values of the transport coefficient determined by atomistic
simulations. The values of � so determined were in good
agreement with those determined directly from simulation,24

confirming the applicability of the theory. As another test of the
theory, here we have conducted simulations, as described ear-
lier, for methane at 300 K and an adsorbed density of 9.9 nm�3

in a 3.84 nm diameter silica pore, with the diffuse reflection
condition being replaced by one in which only a random
fraction � of the reflections is diffuse. These simulations used
a nonequilibrium molecular dynamics (NEMD) method,16,17,19

in which a constant acceleration is applied to the fluid atoms, in
place of the EMD technique discussed earlier. Figure 13 de-
picts the comparison of simulation and theory in this case,
validating the result in Eq. 17. The figure also shows the steep
increase in transport coefficient at small �, resulting from the
singularity in Eq. 17 as �3 0. This singularity arises because
in the case of specular reflection (that is, � 
 0) there is no
momentum loss on reflection of a fluid atom, and therefore no
net force at the wall that opposes the applied chemical potential
gradient driving force. Consequently there is a force imbalance
on the fluid and steady state cannot be achieved, as a result of
which the transport coefficient becomes unbounded.

Figure 14 depicts calculation results for the variation of
normalized diffusivity and viscous fraction with �, for methane
at 300 K in a pore of 3.84 nm diameter at various densities,
based on Eq. 17, with Dt0

LD and the viscous contribution
Dt0

vis(�̂), following Eqs. 8 and 10, respectively. As in Figure 13
we note the steep increase in diffusivity with decrease in �, at
small �, for all the densities examined, with a more than
100-fold increase by � 
 0.01. At the same time the fraction of
viscous flow shows an opposite trend and increases almost

Figure 12. Variation of bulk viscosity with density at
300 K.

Figure 13. Variation of diffusion coefficient of methane
with fraction of collisions having diffuse re-
flection, in a pore of 3.848 nm diameter at
300 K.
Symbols: simulation data; curve: theoretical result.
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linearly with �. At small � the diffusive contribution clearly
dominates, ascribed to the factor (2 � �)/� in the first term of
Eq. 17, and the viscous fraction approaches zero. Thus in
transport in pores with nearly specular surfaces, such as in
carbon nanotubes, the viscous contribution will be negligible,
as highlighted in a recent study.26

Conclusions

In this article we have further tested a recent theory from the
first author’s laboratory on the transport of Lennard–Jones
fluids in nanopores. The theory combines a model of molecular
oscillations along the pore cross section with a viscous flow
model, accounting for the strong density profile in nanopores.
Comparisons between theoretical and equilibrium molecular
simulation–based transport coefficients have been made for
hydrogen, methane, and carbon tetrafluoride in cylindrical sil-
ica pores of various diameters. At low densities, where viscous
flow is negligible, the theory is found to be exact and provides
excellent agreement with simulation in all cases. The theory
also provides an explanation of the kinetic molecular sieving
between closely sized molecules, based on the large sensitivity
of diffusivity to pore size when the pore and molecular size are
very close. The density variation of the transport coefficient is
represented in the theory in terms of viscous flow, based on a
local average density model, which satisfactorily explains the
simulation results. At high density some deviation between
theory and simulation is seen, particularly for carbon tetrafluo-
ride, which may be related to inaccuracies in the bulk viscosity
correlation used. Further, substantial sensitivity of the bulk
viscosity to density at high densities can lead to a decrease in
viscous flow and therefore the transport coefficient at high
densities, which is found to explain the maximum in simula-
tion-based transport coefficients. The theory also proved to be
adequate when the wall reflection is only partially diffuse,

showing the viscous contribution to be insignificant for flow in
pores with nearly specular surfaces.
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